This work describes the steady state transport of an electrolyte due to a stationary concentration difference in straight long channels under conditions of electroosmotic circulation. The electroosmotic flow is induced due to the slip produced at the charged channel walls. This flow is assumed to be compensated by a pressure-driven counter-flow so that the net volume flow through the channel is exactly zero. Owing to the concentration dependence of electroosmotic slip there is an involved coupling between the solute transfer, hydrodynamic flow and charge conservation. Nevertheless, for such a system the Taylor-Aris Dispersion (TAD) theory is shown to be approximately applicable locally within an inner part of the channel for a wide range of Péclet numbers (Pe) irrespective of the concentration difference. Numerical simulations reveal only small deviations from analytical solutions for the inner part of the channel. The breakdown of TAD theory occurs within boundary regions near the channel ends and -is related to the variation of the dispersion mechanism from the purely molecular diffusion at the channel ends to the hydrodynamic dispersion within the inner part of the channel. This boundary region is larger at the lower-concentration channel edge and its size increases nearly linearly with Pe number. It is possible to derive a simple analytical approximation for the inner profile of cross-section-averaged electrolyte concentration in terms of only few parameters, determined numerically. Such analytical approximations can be useful for experimental studies of concentration-polarization phenomena in long micro-channels.
Introduction
The phenomenon of concentration polarization (CP) is caused by the difference in the transport numbers of ions between two adjacent media, for example, on the boundary between an ionexchange membrane and an electrolyte solution. Due to this difference, the electro-migration flow of an ion produced by an externally applied electric field is discontinuous at the interface.
In order to ensure ion conservation, a gradient of concentration of this ion arises in the system close to the interface. The diffusion flux associated with this concentration gradient compensates the electro-migration flux discontinuity.
CP is a fundamental phenomenon which can manifest itself in electrode systems or in microheterogeneous systems, such as semipermeable membranes, ion-exchange resins, colloid CP has been investigated experimentally in micro/nano fluidic systems, for example in some studies where considerable current-induced enrichment/depletion in the concentration of charged fluorescent markers was reported to have been directly observed close to micro/nanointerfaces (Kovarik et al. 2009; Zangle et al. 2009 ). Furthermore, nonlinear and time-dependent current-voltage characteristics have also been observed that can be interpreted in terms of concentration-polarization phenomena. (Kim et al. 2007; Kelly et al. 2009 ). This phenomenon as applied to micro/nano fluidic systems has also been considered theoretically in a number of recent publications (Postler et al. 2008; Zangle et al. 2010; Yaroshchuk et al. 2011 ).
Some specific manifestations of CP in microfluidic systems have been studied. For example, the concentration "shock waves" that occur in current-polarized sub-micro-channels in contact with nano-channels have been predicted for the first time by ) and further explored in (Mani and Bazant 2011; Dydek et al. 2011; Yaroshchuk 2012; Deng et al. 2013) . In another publication (Zangle et al. 2010) , the authors considered the implications of depletion and enrichment "shocks" for the analyte pre-concentration via stacking and/or focusing.
Several sample pre-concentration modes coupled to CP phenomena were also studied numerically by (Plecis et al. 2008) within the scope of 1D approach. (Strickland et al. 2010 ) and (Suss et al. 2011 ) studied the impact of CP phenomena on the operation of nano-porous electroosmotic pumps and found the CP propagation to be important for their performance.
The existence of moving sharp concentration "fronts" has also been predicted theoretically for current-polarized joined nano-/micro-systems with strong hydrodynamic dispersion in their micro-channel parts ).
According to the previous study (Part I, Licon Bernal et al. 2014) , the overlap of a pressure driven flow with electroosmotic flow (Electroosmotic circulation, EOC) in micro-channels can give rise to strong hydrodynamic dispersion and result in a peculiar distribution of solutes in them. It was demonstrated that under conditions of a steady zero net flow (zero cross-section averaged longitudinal velocity) the longitudinal profile of cross-section-averaged concentration of uncharged solute is linear and the Taylor-Aris Dispersion theory (TAD) (Taylor 1953; Aris 1956 ) is applicable within a major inner part of a long narrow channel. The applicability of the TAD to the description of mass transport in narrow long channels under conditions of EOC has been the subject of some recent studies Rubinstein and Zaltzman 2013) . ) used a 1D approach to describe the distribution of an electrolyte in a micro-channel "plugged" by a micro-/nano-interface, in order to show that the hydrodynamic-dispersion mechanism becomes effective in sufficiently broad micro-channels (hundreds of micrometer in height) . On the contrary, the surface-conductance mechanism explored in ) is responsible for the appearance of deionization "shocks" in submicro-channels (commensurate with the screening length), and hence those two mechanisms operate under very different conditions. Therefore one of them can be disregarded when considering the other. Rubinstein and Zaltzman (Rubinstein and Zaltzman 2013 ) considered approximate analytical and numerical solutions of 2D convective-diffusion problem for an uncharged solute in a micro-channel evaluating various boundary conditions at the channel ends to explore the breakdown of the Taylor-Aris dispersion mechanism with increasing circulation velocity.
The EOC is important for microfluidics becuase it could be a way to reduce the CP near nanoporous media used in microfluidic systems, which results in the limiting and over-limiting current phenomena Dydek et al. 2011) . To sum up, the studies of the solute-transport mechanisms in microfluidic systems involving EOC are important for understanding such phenomena as concentration polarization or concentration shock waves and the role of hydrodynamic dispersion in these phenomena.
In this work we consider the steady-state distribution of an electrolyte in a micro-channel under EOC with imposed different concentrations at the ends of the channel. This is a continuation of the previous study (Part I, Licon Bernal et al. 2014) , where the transport of a non-electrolyte species under similar conditions was considered. By imposing different concentrations of electrolyte at the channel ends, we simulate the situation of concentration polarization within the channel but disregard the complex phenomena of electro-hydrodynamic instability and/or water splitting known for occurring close to current-polarized interfaces between ion-exchange materials and electrolyte solutions. Having understood the behavior of such simplified system we plan to superimpose those phenomena and hydrodynamic dispersion in future studies.
Numerical simulations are compared with an approximate analytical description of the system. Furthermore, simple parametric relationships are derived to capture the principal features of the phenomena in particular the behavior of current vs voltage characteristics. One of the important conclusions of this study is that the Taylor-Aris dispersion theory is approximately applicable locally, within a major part of the channel, despite the considerable variation of EOC rate along the channel.
Formulation of the problem and governing equations
In the previous study (Licon Bernal et al. 2014a ) (from here on this publication is referred to as Part I) we considered the convective-diffusion transport of a non-electrolyte in an open long channel with different time-independent solute concentrations at the ends in the presence of a buffer electrolyte, whose concentration was constant throughout the system. Due to this the velocity of electroosmotic flow at the channel walls did not vary along the channel being independent of the non-electrolyte distribution. Under such conditions, the hydrodynamics could be decoupled from the solute transfer.
In the present study we consider the transport of an electrolyte whose concentration changes along the channel. Therefore, the velocity of electroosmotic flow is not constant along the channel because it is dependent on the local electrolyte concentration. Hence, the hydrodynamics cannot be decoupled from the solute transfer now and the analysis becomes more complicated. In addition, when the electroosmotic flow velocity varies along the channel a transversal velocity component arises due to the flow continuity. The transversal velocity influences the concentration distribution within the channel cross-sections, thus, affecting the solute transfer. Nevertheless, as shown below, in this case, too, the Taylor-Aris dispersion theory turns out approximately applicable albeit locally.
For the numerical analysis, a binary electrolyte, electroneutrality and no diffusive contribution to the electric current is assumed. We will use the set of steady state convection-diffusion and Navier-Stokes equations coupled with the electric-current conservation law: and  = αC are the local electric current density and conductivity, α is the proportionality coefficient between the conductivity and concentration, and E and V are the local electric field strength and electric potential.
To define the boundary conditions, first different constant concentrations at the channel ends and zero flux condition at the channel walls are set as:
(4) where h and L are the half-height and the length of the channel (h << L).
The hydrodynamic boundary conditions at the edges of the channels are defined using the assumption of zero normal stress ( 0
, which is compatible with the picture of a channel connected to a big reservoir (Panton 2013) , and the condition of exact compensation of crosssection-averaged Poiseuille and electroosmotic flows (Licon Bernal et al. 2014b ):
The y-component condition follows from the conditions
and the continuity equation ). Such boundary conditions reflect the fact that there are no abrupt changes in the flow pattern at the two ends of the microchannel (Lee et al. 2005) . Although the definition of the boundary condition for the hydrodynamics is non-trivial, below we will see that the concentration profile inside the channel does not appreciably change when using different boundary conditions at the channel ends. This is due to the constant concentrations set at these boundaries.
The slip condition holds for the velocity at the channel walls, defined as the velocity of electroosmotic flow found from the Helmholtz-Smoluchowski equation
where  is the relative dielectric constant,  0 is the dielectric permittivity of vacuum, and  is the zeta-potential at the walls. The electroosmotic flow superimposed with a pressure-driven counter-flow produces the characteristic flow field of electroosmotic circulation. Similarly to the case in Part I, we assume here that the electroosmotic flow and the pressure-driven flow exactly compensate each other on average giving rise to zero net volume flow through the channel (see Eq. (5)).
Finally, the current density is set constant at the channel edges, while the channel walls are considered insulating
We will assume here that electro-neutrality condition holds everywhere within the electrolyte solution, except of infinitely thin layers at the channel walls. Eqs. (3) and (7) show that the total electric current through each channel cross-section must be constant. Though we consider channel walls with constant zeta-potential, the electroosmotic flow velocity varies along the channel because of the varying electric-field strength due to the changing solution conductivity 
TAD approach to the description of solute transport within a long straight channel with a transversal velocity component
The classical Taylor-Aris analysis assumed the fluid-velocity profile to be the same everywhere in the channel. In our problem, the rate of EOC can change considerably along the channel due to the changes of electroosmotic slip velocity caused by the variation of solution conductivity.
Despite this variation, in it was postulated that the TAD approach was locally applicable for the description of hydrodynamic dispersion under conditions of concentration polarization in a long narrow channel. The purpose of this section is to investigate the applicability of the approach of effective diffusion coefficient under conditions of spatially-variable flow-velocity profile by means of a rigorous 2D analysis.
For a steady-state convection-diffusion solute transfer in a flat channel Eq.(1) can be written as
In the previous study (Part I) we considered the case of convective-diffusion transport of a nonelectrolyte. The concentration of buffer electrolyte was assumed to be constant throughout the system, so the electroosmotic velocity was constant along the channel and the transversal velocity component was absent. In the present study we consider the transport of an electrolyte, whose concentration is varying along the channel. Therefore, the longitudinal velocity is varying, too, and, according to the flow-continuity condition the transversal velocity component should be non-zero
This results in the appearance of the second term in Eq.(8). Thus, the convective flow contributes to the solute distribution within the channel cross-sections and, therefore, can influence the overall solute transport through the channel. This is the principal difference of the present system from the conventional case of Taylor-Aris Dispersion Rubinstein and Zaltzman 2013) , where the transversal convection is absent.
Proceeding in the same way, as in the previous study, for a straight long channel (h << L) we will represent the local concentration and velocity components as sums of cross-section averaged values and deviations from the average
. Then taking the cross-section average of Eq.(8) one obtains
Subtracting Eq.(11) from the initial Eq.(8) one obtains:
Eqs. (11) and (12) Considering large aspect ratios,
, one can represent the deviation of concentration from the average as a series in the powers of the small parameter  = h/L, which is half the reciprocal aspect ratio
Substituting this expansion into Eq. (12) and retaining only the zero-order terms in , it is easy to show that
where Pe = hu c /D is the Péclet number, u C is a characteristic velocity, which can be chosen, e.g.
is a dimensionless function defined by the velocity distribution,
are the dimensionless coordinates (see Appendix A). Thus, within this approximation the concentration deviation from the average is proportional to the local average-concentration gradient along the channel, which means that the Taylor-Aris dispersion concept is applicable locally in this case. It should be noted, however, that this solution is valid only for an inner part of the channel away from the edge boundary layers because at the channel ends the concentration is assumed to be constant, which corresponds to C = 0.
With the concentration deviation given by 
Eq. (14) is a conventional stationary diffusion equation with an effective diffusion (dispersion) coefficient,
. This is in agreement with the Taylor describes the average-concentration distribution only within an inner part of the channel and is not applicable to the boundary layers close to the channel ends where the full initial set of Eqs.
(1)-(3) should be solved.
We consider here a superposition of pressure-driven and electroosmotic flows that compensate each other on average so that the net volume flow through the channel is zero. For long narrow channels the longitudinal velocity can be approximately represented as a sum of Poiseuille and plug-like flows (Appendix B)
where the velocity of electroosmotic flow at the walls, u eo (x), is given by Eq.(6).
For the velocity profile given by Eq.(15), the integration of Eq.(A.7) gives
, where
is the dimensionless velocity normalized by the characteristic (electroosmotic) velocity at the channel entrance (u C =u eo (0)). Then for the dispersion coefficient one has
serving as a local Péclet number. This expression for the dispersion coefficient formally coincides with that given by the TAD model, but now it depends on the electroosmotic velocity, which varies along the channel. Thus the Taylor-Aris approach is approximately applicable in the present case (though only locally) because the transversal convection contributes only to the higher order terms in the series given by Eq. (13) as shown below. With this dispersion coefficient Eq.(14) takes this form
The first integration of this equation gives
where Q is the solute flux through the channel, which is constant along the channel under steady-state conditions.
For the second integration we have to know the dependence of electroosmotic velocity on the concentration. By neglecting the variation of x-component of electric field within the channel cross-section (which is negligibly small according to our estimates and calculations, see below
, where I is the average current density and   x C is the average concentration. Then, according to Eq.(6), the electroosmotic flow velocity is inversely proportional to the cross-section-averaged electrolyte concentration
where
is the proportionality coefficient. The direction of electroosmotic flow depends on the direction of current and sign of zeta-potential at the walls. By using Eq. (18)), from Eq(17) we obtain this longitudinal concentration profile
and therefore
This result shows that for small to moderate Pe the average-concentration profile in the channel is close to linear, whereas for large Péclet numbers the linear dependence occurs for the reciprocal average concentration. Note, however that this solution was obtained for the inner part of the channel, away from the boundary layers at its ends. Below we will see that the   
This approximate solution shows that the Taylor-Aris dispersion model is applicable locally within an inner part of the channel. Accounting for the higher-order terms in the reciprocal aspect ratio results in deviations from the local Taylor-Aris approach. It should be taken into account in the case of channels with not very large aspect ratios.
As discussed above due to the dependence of longitudinal velocity on x, there is a non-zero transversal velocity. One can estimate this transversal velocity by integrating Eq. (9) 
The first two terms in the square brackets in Eq. (23) 
where the function k is given by 
In the derivation of function k, given by Eq. (26), we used the approximate velocity field, given by Eq. (15) and (22) instead of solving the Navier-Stokes equations. However, it can be shown that this gives rise only to minor corrections for our system (see Appendix B).
The first and second derivatives of average concentration are always positive, (see below), so the terms in Eq. (26) have opposite signs and partially compensate each other. However, since both these terms include different combinations of average-concentration derivatives, their relative contributions change along the channel. As a result the function k depends on the longitudinal coordinate and can change sign.
As discussed above for small to moderate Péclet numbers the average concentration profile is
and the function k is given by
For large Péclet numbers the linear dependence occurs for the reciprocal average
For such concentration profile one obtains
Thus, the correction to the Taylor-Aris model has opposite signs for small and large Péclet numbers. For intermediate Péclet numbers the correction can change sign along the channel.
Its behavior will be considered in more detail below, in the section 4.4.
Results and Discussion

Electrolyte concentration distribution within the micro-channel
An example of numerical solutions for the electrolyte distribution under conditions of EOC in a micro-channel and the corresponding velocity field is shown in Figure 1 . The local magnitude of the velocity at the walls is inversely proportional to the electrolyte concentration. Therefore it changes from one cross-section to another while preserving the same characteristic shape. This is a superposition of electroosmotic and pressure-driven counter-flows with zero cross-sectionaveraged velocity. Such velocity field gives rise to a transversal non-uniformity in the concentration distribution which will be studied below. On the "dilute" side a small concentration "jump" in the ordinate axis can be seen (Figure 2 ).
On the "concentrated" side a "jump" is much less pronounced. With increasing current density the "jumps" of the cross-section averaged concentration at the borders are increasing. As shown in Figure 1 , depending on the height of a given longitudinal cross section, the flow has one direction or another. For this case of study, the liquid moves towards the diluted concentration side (to the left) at the middle height channel region and towards the concentrated side (to the right) at the channel walls. It strongly affects the local concentration, i.e. the outflowing solution hits the boundary and in order to satisfy the boundary condition, the local concentration profile changes abruptly and such effect is captured when making a height cross sectional averaging (profiles shown in Figure 2 ). On the other hand, at the same side over the channel wall the concentration at the diluted side is equal to the boundary condition even some distance inside due to the incoming solution. Such zone will be referred in this study as boundary layer. Since the intensity of convection is dependent on the electric field, the boundary zone (where the concentration stays nearly constant) near the channel edge with more dilute solution (x = 0) is more pronounced than on the opposite side. Besides, as in the case of non-electrolytes, the length of this zone is strongly dependent on the transversal coordinate, y. The boundary zone is very short in those parts of the cross-section where the solution leaves the channel (at the dilute side for u eo > 0 this is near the middle plane, y = 0, and at the opposite side -near the walls, y ≈ h), and it is much longer at the locations, where the solution enters the channel (y ≈ h at the dilute side and y ≈ 0 at the opposite side). Similar effects within entrance zones of the channel were also observed in the case of nonelectrolyte transfer considered in the Part I of this study. 
Electric field distribution
In the analytical derivations above, we assumed that the electric field is 1D within the inner part of the channel and the longitudinal electric-field component is independent of the transversal coordinate. The purpose of this subsection is to verify this assumption numerically. Numerical calculations confirm that E y is negligibly small and E x is almost independent of the coordinate y also for not very high Peclet numbers.
An approximately uniform (within the channel cross-section) 1D electric field allows assuming the inverse proportionality of the electroosmotic velocity to the average concentration, 
Applicability of local Taylor-Aris approach
As shown above, due to the transversal convection the Taylor-Aris approach is valid as a firstorder approximation only. As a quantitative criterion of accuracy of Taylor-Aris approximation we consider the deviation from unity of the ratio of solute flux, calculated numerically
), to that given by the local Taylor-Aris approximation (Eq. (17)) . In Figure 9 , profiles of parameter R are shown for a channel of 4 mm length and 100 µm half-height. The effect of current density 
Approximate parametric description
As discussed above, near the channel ends boundary layers are formed where the concentration profiles transform from the constant concentrations at the channel boundaries (x = 0, L) to those characteristic profiles of the TAD approximation at the internal edges of these boundary layers (x = x s and x = L -x m , see Fig.4 ). The origin of these boundary layers is qualitatively similar to the case of non-electrolyte solutions, considered in detail in Part I. The numerical simulations show that in those parts of the channel cross-section, where the fluid is entering the channel (e.g., at the channel walls), the strong convection makes the concentration practically equal to that at the boundary over some distance from it. The approximate parametric description, considered below, is based on the assumption that at the location where the wall concentration starts noticeably deviate from the boundary value the local Taylor-Aris approximation (with its characteristic transversal concentration profile) can already be used to calculate the concentration distribution within the inner part of the channel.
For the non-electrolyte transport problem (Part I), linear profiles of local concentration were obtained for the inner part of the channel. The length of boundary layers was defined via linear extrapolation of inner concentration profiles at the locations where the intrusion was most pronounced (for example, at the channel walls on the "entrance" side of the channel). In this study, due to the dependence of EOC rate on the local electrolyte concentration the concentration profiles are non-linear. This makes direct linear extrapolation impossible.
However, above we have seen that at sufficiently large current densities linearity occurs for the profiles of reciprocal concentration (see Fig.4 ). Therefore, to define the length of intrusion zone, x s , we can extrapolate the linear inner part of the profile of reciprocal local concentration at the walls (for the in-flowing solution) until it reaches the value 1/C 0 (see Figure 4) corresponding to the boundary condition. The normalized (by the channel half height, h) length of intrusion zone obtained in this way is presented in Table 1 . Its length at the opposite end of the channel, x m , can be obtained in a similar way. However, our numerical results show the intrusion zone at the channel edge with the higher concentration to be very short so we will assume x m = 0. 
L/h
Once those concentrations are determined, they can be substituted to Eqs. (19) and (20) 
Current-voltage characteristics
Above we have seen that with increasing current density the salt-concentration profiles become ever more non-linear. Expectedly, this gives rise to non-linear current-voltage characteristics. The latter can be obtained by using this relationship:
where V is the voltage drop along the channel. Fig.11 shows some examples. The shape is surprisingly similar to that observed in the current-induced polarization of ion-exchange membranes. The current vs voltage curves have a characteristic shape with a quasi-plateau resembling a limiting current followed by a faster current increase ("over-limiting" current). The initial linear dependence changes into a gradually decreasing slope due to the fact that an ever larger part of the channel is occupied by the zone of lower concentration. This decrease in the slope practically stops when the profile of reciprocal concentration gets linear (see Fig.3 ).
However, at still larger current densities, there is an increasing concentration "jump" at the channel entrance from the "dilute" side of the channel (see Fig.2 ). This leads to an increase of the local conductivity in the left part of the channel, i.e. in the part where it is the smallest, and an increase in the slope. 
Constant surface charge and constant electric potential as boundary condition at channel edges.
An additional numerical simulation is presented in this section where instead of the case mentioned above with constant zeta potential equal to 0.1 V and constant current density at the edges of the channel (eq. 7), a constant surface charge model and constant potential at the channel edges was used. On one hand the boundary conditions at the edges are defined as:
On the other hand, according to (Yaroshchuk 2011 ) for a case with strongly-acidic groups (constant-charge model) and for a Z:Z buffer electrolyte an analytical expression for zeta potential where it is express as function of a constant charge density and salt concentration can be defined as: (39) where is the surface charge density. Substituting eq. 39 in eq. 6 the electroosmotic velocity is expressed in terms of the surface charge. As expected, lower values of surface charge produce lower values of zeta potential.
Electroosmotic velocity is proportional to ζ whose dependence on the concentration create a stronger nonlinearity in the averaged concentration profile, including larger jumps at the diluted side of the channel as can be seen in Figure 13 -a. Despite the evident differences between the two models, when comparing the resistance (eq. 37) of the most equivalent cases:
that one with -35 mC/m 2 with V 1 =35V and the case of constant zeta potential and 300 A/m 2 of current density, its difference is only about 1.5%. Furthermore, Figure 13 -b shows a qualitatively similar behavior than that one observed in Figure 5 but with a larger region with disrupted profiles at the diluted side provoqued by the stronger dependance on concentration of the electroosmotic flow. Nevertheless, the existance of an inner region were the TAD theory is applicable is observed although smaller. 
Conclusions
The results of numerical simulations and approximate analytical solutions show that under conditions of electroosmotic circulation within a major part of a long channel the concentration distribution is in a good agreement with that predicted by the "local" TAD formalism. This fails only within two relatively narrow boundary layers formed at the channel edges. Due to the varying electroosmotic flow velocity along the channel the TAD approach should be used locally so the dispersion coefficient is related to the local Péclet number.
Due to the condition of constant concentrations imposed at the channel edges, the concentration profiles deviate from the Taylor-like shape within the boundary layers formed at the edges. This results in the appearance of "jumps" of average concentration close to the channel edges. The lengths of the entrance zones with distorted concentration profiles (x s,m ) are controlled by the local concentration, electrical current density (electric field or local Péclet number) and the height of the channel. They are almost independent of the channel length until they increase to become comparable with it.
These entrance zones control the magnitude of "jumps" of average concentration at the channel edges and, thus, influence the inner concentration profile, too. With increasing Pe, the external solutions from the reservoirs penetrate deeper into the channel and deform stronger the transversal concentration profiles, producing larger deviations from the TAD approximation in a larger portion of the channel. These features are confirmed by both numerical and analytical calculations. Minor deviations are observed between them in a rather wide range of electrical current densities, aspect ratios and concentration ratios.
An approximate parametric description can be proposed that simplifies the calculations of the concentration distribution within the channel and the current-voltage characteristics of the system. Such parametric description can be useful for the analysis of experimental data on the hydrodynamic dispersion under conditions of electroosmotic circulation and on the concentration polarization in long micro-channels terminated by ion-selective "plugs". 
where u C is a characteristic velocity (which is chosen here as u C = u eo (0)), Eq.(12) can be represented in dimensionless form as . For the first-order term we have this equation 
Appendix B
Because of the presence of transversal velocity component the velocity distribution given by Eqs. (15) and (22) is an approximation valid for sufficiently long narrow channels. Let us consider the full set of steady-state Navier-Stokes and continuity equations in a dimensionless form 
where the dimensionless variables are defined as
, P is the pressure,  is the solution density,  is the kinematic viscosity, and Re = hu C / is the Reynolds number.
Representing the velocity components and the pressure as series in powers of the small parameter , similar to Eq.(13), , what means that in a long channel the pressure is a function of the coordinate x only:
Because the pressure is independent of the coordinate y, we can integrate this equation with the boundary conditions
The full volume flux through the channel, , is a constant Accounting for the migration component of electric current, only, yields
The above equation is subject to boundary conditions imposing zero normal electric current density at the channel walls and constant electric potentials within the cross-sections at the channel ends. The difference between these potentials is set to be U. 
